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LIFT  AND  PITCHING  DERIVATIVES  OF  THIN  SWEPTBACK  TAPERED 
WINGS  WITH  STREAMWISE  TIPS  AND  SUBSONIC  LEADING 
EDGES  AT  SUPERSONIC  SPEEDS 
By  Frank  S.  Malvestuto,  Jr.,  and  Dorothy  M.  Hoover 

SUMMARY 


On  the  basis  of  linearized  supersonic -flow  theory,  approximations 
to  the  static -pitching  derivative  the  lift -due -to -pitching  deriva¬ 
tive  and  the  damping -in-pitch  derivative  C^  were  derived  for  a 

series  of  thin  sweptback  tapered  wings  with  streamwise  tips  and  subsonic 
leading  edges.  The  effects  of  camber  and  thickness  were  not  considered. 
The  results  are  valid  for  a  range  of  Mach  number  for  which  the  Mach 
lines  from  the  apex  of  the  wing  are  ahead  of  the  leading  edge  and  the  - 
Mach  lines  from  the  apex  of  the  trailing  edge  may  traverse  the  wing  but 
cannot  intersect  the  leading  edge.  An  additional  limitation  is  that  the 
inboard  wing-tip  Mach  lines  may  not  intersect  on  the  wing  or  intersect 
the  opposite  wing  tips. 

The  results  of  the  analysis  are  given  in  the  form  of  generalized 
equations  for  Cl^,  and  Cz ^  together  with  a  series  of  design 

curves  from  which  rapid  estimations  of  C^,  cLq>  and  Q m ^  can  be  made 

for  given  values  of  aspect  ratio,  taper  ratio,  Mach  number,  and  leading- 
edge  sweep.  Some  illustrative  variations  of  the  derivatives  with  these 
parameters  are  also  presented.  A  series  of  design  curves  for  the  lift- 
curve  slope  Ci^,  which  has  been  presented  in  NACA  TN  1555  and  NACA 

Rep,  970 >  is  also  included  in  this  paper  inasmuch  as  this  quantity  is 
needed  in  the  transformation  of  the  pitching  derivatives  from  the  body 
axes  system  to  the  stability  axes  system. 


INTRODUCTION 


The  formulation  of  the  linearized  super sonic -flow  theory  has 
allowed  the  evaluation  of  stability  derivatives  for  a  variety  of  wing 
configurations  at  supersonic  speeds.  Information  now  exists  on  the 
theoretical  stability  derivatives  of  rectangular-  and  delta-wing  plan 
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forms  of  zero  thickness  (references  1  to  7)-  For  the  sweptback  tapered 
wing  configuration  with  wing  tips  parallel  to  the  wing  plane  of  symmetry 
(hereinafter  referred  to  as  the  "sweptback  tapered  wing"),  the  available 
stability  derivatives  include  for  a  wide  range  of  Mach  number  the  lift- 
curve  slope  Cl^  (references  7  to  9),  the  damping- in-roll  derivative  C}p 

(references  8  to  10),  and  the  lateral-force  and  yawing  derivatives  Cy 
and  Cnp,  respectively  (references  11  and  12).  The  present  paper  derives 

the  longitudinal -stability  derivatives  (static-pitching  moment), 

CLcl  (lift  due  to  pitching),  and  (damping  in  pitch)  for  sweptback 

tapered  wings  at  supersonic  speeds.  A  range  of  supersonic  speed  has 
been  considered  for  which  the  leading  edge  is  subsonic  and  the  trailing 
edge  is  subsonic  with  the  additional  limitations  that  the  Mach  lines 
from  the  apex  of  the  trailing  edge  cannot  intersect  the  leading  edge  of 
the  wing  and  that  the  Mach  lines  from  the  leading  edge  of  the  wing  tips 
cannot  intersect  on  the  wing  or  intersect  the  opposite  wing  tips. 

The  method  of  analysis  adopted  herein  is  essentially  the  same  as 
the  method  employed  in  reference  8  for  the  evaluation  of  CLa  and  C-Zp* 

The  results  of  reference  8  however  are  restricted  by  the  condition  that 
the  trailing  edge  is  supersonic.  Use  of  the  formulations  of  references  7 
and  13  herein  allows  consideration  to  be  given  to  the  approximate  effect 
of  the  subsonic  trailing -edge  disturbances  on  the  pressure  distribution 
of  the  influenced  part  of  the  wing  that  is  bounded  by  the  Mach  lines 
from  the  apex  of  the  trailing  edge  and  the  trailing  edge  itself  (the 
subsonic  trailing-edge  region). 

The  results  of  the  analysis  are  given  in  the  form  of  generalized 
equations  for  Cn^,  CLq,  and  Cm^  together  with  a  series  of  design 

.curves  from  which  rapid  estimations  of  Cfl^,  and  can  be  made 

for  given  values  of  aspect  ratio,  taper  ratio,  Mach  number,  and  leading- 
edge  sweep.  Some  illustrative  variations  of  the  derivatives  with  these 
parameters  are  also  presented.  A  series  of  design  charts  for  the  lift- 
curve  slope  CLa,  which  has  been  given  in  references  7  and  8,  is  also 

included  in  this  paper  inasmuch  as  this  quantity  is  needed  in  the  trans¬ 
formation  of  the  pitching  derivatives  from  the  body  axes  system  to  the 
stability  axes  system. 


SYMBOLS 


x, y,z  Cartesian  coordinates  of  an  arbitrary  point 

X,Y,Z  forces  parallel  to  x,  y,  and  z  body  axes  or  stability  axes, 

respectively 
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£  j  tj  x -coordinate  and  y-coordinate  of  a  point  source  in  xy-plane 

ui>vi>wi  induced  flow  velocities  along  x,  y,  and  z  body  axes 

u^v’jW1'  incremental  flight  velocities  along  x,  y>  and  z  stability  axes 


u,v 


oblique  coordinates  in  plane  of  wing,  the  axes  of  which  are 

parallel  to  Mach  lines  (u  =  ■— r(£  -  Br|)  and  v  =  -^-(i  -f  Br]) 

1  2B  dr> 


uv,vv  oblique  coordinates  of  a  particular  point  on  surface  of  wing 
V  flight  speed 

a  angle  of  attack  (wT/V) 


<1 

M 

5 

M- 

B 

€ 

A 

^0 

6 


angular  velocity  about  y  body  axis}  pitching  velocity 
stream  Mach  number  (V/Speed  of  sound) 
wing  area 
Mach  angle 

cotangent  of  Mach ’angle  ^\|m2  -  1 
angle  between  leading  edge  and  axis  of  wing  symmetry 
leading-edge  sweep  (90°  -  e) 

tan  € 

angle  between  trailing  edge  and  axis  of  symmetry 


m  =  tan  6 


t  an  [i 


=  On  B 


n  = 


tan  € 
tan  5 


=  1  -  (l  -  X)co 


V  =  -Z- 
xd0 


b  wing  span 

cr  wing  root  chord 
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ct 

x 

X. 


0) 

Sw 

0 

P 

P 

CP 


k  =  \Jl 

K'(g) 


wing  tip  chord 

arbitrary  distance  along  x-axis  from  apex  of  wing 
taper  ratio  (c-^/cr) 


aspect  ratio  fe-  = 


f20ocr 


40, 


4m 


geometric  parameter  of  wing  =  AB(l  +  \}j 

region  of  wing 

perturbation  velocity  potential  on  upper  surface  of  wing 

local  pressure  difference  between  lower  and  upper  surface  of 
airfoil)  positive  in  sense  of  lift 

density  of  air 

pressure  coefficient  ^ 

mean  aerodynamic  chord 

(Local  chord dy 


2  /  V 2 


2crJ^D2  -  303(1  -  n)  +  (1  -  n)2] 


3cd  (1  +  X) 


B  times  cotangent  of  trailing-edge  sweep  angle  measured 
from  y-axis  (B  cot  6) 


g 


complete  elliptic  integral  of  first  kind  with  modulus  k 

tf/2 

1  dz 


0  \j  1  -  k^sin 


E'(g) 


complete  elliptic  integral  of  second  kind  with  modulus  k 

:/2 


I""  \[l  -  k2sin2z  dz 

Jo 


NACA  TN  229^ 


5 


M* 

L 

CL 

CX 


pitching  moment 

normal  force  (approx,  lift) 


l? 


lift  coefficient  [L/^pV  S 
pitching -moment  coefficient  —pV^S'S 

longitudinal -force  coefficient 


J  q. — >0 


q — -^0 


u  — >0 


%  = 


5cx 

^(qc/2V) 


q. — >0 


Subscripts: 


ex,  in  region  of  wing  external  to  wing-tip  Mach  cone  and  within 
wing-tip  Mach  cone,  respectively 

(  )a,(  when  associated  with  0,  P,  and  Cp  indicate  velocity 

potential,  pressure,  and  pressure  coefficient  for  angle  of 
attack  and  pitching,  respectively 


ANALYSIS 

Scope 


The  types  of  wings  considered  in  this  paper. are  sketched  in  figure  1 
In  the  following  analysis  and  in  the  figures  the  wing  plan  form  with 
sweptback  trailing  edge  (fig.  1(a))  is  generally  considered  and  sketched 
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as  the  typical  wing,  but  the  results  are  equally  valid  for  the  wing 
plan  form  with  the  sweptforward  trailing  edge  (fig.  1(b)).  The  orienta¬ 
tion  of  the  wing  with  respect  to  a  body  system  of  coordinate  axes  used 
in  the  analysis  is  indicated  in  figure  2(a).  The  surface  velocity 
potentials,  the  basic  pressure  distribution,  and  the  stability  deriva¬ 
tives  are  derived  with  respect  to  this  system.  .Figure  2(b)  shows  the 
wing  oriented  with  respect  to  the  stability  axes  system  with  the  origin 
of  the  system  at  the  arbitrary  point  (x,0,0)  rearward  of  the  apex  of  the 
wing.  The  transformation  formulas  that  allow  the  determination  of  the 
derivatives  with  respect  to  the  stability  system  once  they  are  known 
with  respect  to  the  body  axes  system  are  presented  in  table  1. 

The  analysis  is  limited  to  wings  of  vanishingly  small  thickness 
that  have  zero  camber  and  are  not  yawed  with  respect  to  the  stream 
direction.  The  derivatives  are  valid  for  a  range  of  Mach  number  for 
which  the  leading  edge  is  subsonic  and  the  trailing  edge  is  either 
supersonic  or  subsonic  with  limitations.  The  limitation  on  the  trailing 
edge  when  subsonic  is  that  the  Mach  lines  emanating  from  the  trailing 
edge  of  the  root  chord  cannot  intersect  the  leading  edges  of  the  wing. 

An  additional  restriction  adhered  to  in  this  paper  is  that  the  Mach 
lines  progressing  from  the  leading  edges  of  the  wing  tips  cannot  inter¬ 
sect  on  the  wing  or  intersect  the  opposite  wing  tip. 


Basic  Considerations 


The  evaluation  of  the  derivatives  Cjj^,  and  essentially 

involves  a  knowledge  of  the  lifting-pressure  distribution  over  the  wing 
associated  with  angle  of  attack  for  Cj^  and  with  pitching  for 

and  cmq*  These  lifting-pressure  coefficients  can  be  determined  from 
the  well-known  relationships 


or 


Cp  = 


Cp  = 


2pVui 

w 


(1) 


where  0(x,y)  is  the  velocity  potential  on  the  upper  surface  of  the  wing 
under  consideration.  The  potential  0(x,y)  can  he  determined  hy  a 
particular  distribution  of  surface  sources  or  doublets  which  allows  the 
velocity  potential  to  satisfy  the  linearized  partial-differential  equa¬ 
tion  of  the  flow  and  the  boundary  conditions  that  are  associated  with 
the  wing  in  its  prescribed  motion. 
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The  methods  presented  in  the  analysis  of  reference  8  are  used  herein 
to  evaluate  the  pressure  distributions.  The  wing  is  imagined  as  basi¬ 
cally  consisting  of  two  parts:  the  segment  of  the  wing  external  to  the 
Mach  cones  springing  from  the  leading  edges  of  the  wing  tips  and  the 
segment  of  the  wing  within  the  wing -tip  Mach  cones  (the  wing -tip  region). 
The  pressure  distribution  for  the  wing  region  external  to  the  wing-tip 
Mach  cones  is  precisely  the  same  as  the  pressure  distribution  for  the 
corresponding  section  of  the  delta  wing  for  the  same  value  of  Mach  num¬ 
ber  and  leading-  and  trailing-edge  sweep.  For  angle  of  attack  and 
pitching,  the  associated  pressure  distributions  for  the  part  of  the  wing 
external  to  the  wing -tip  cones,  when  the  effect  of  the  subsonic  traili.ig- 
edge  disturbance  is  neglected,  have  been  evaluated  in  references  4  and  5, 
respectively. 

The  effect  of  the  subsonic  trailing  edge  in  producing  changes  in 
the  flow  in  the  subsonic  trailing-edge  region  relative  to  the  flow  that 
would  exist  if  the  subsonic  trailing-edge  disturbances  were  disregarded 
(basic  flow)  has  been  analyzed  in  reference  7  for  angle  of  attack  and 
in  reference  13  for  pitching.  The  results  of  these  two  references  indi¬ 
cate  a  reduction  of  pressure  in  the  trailing-edge  region  that  is  neces¬ 
sary  in  order  to  satisfy  the  condition  of  zero  pressure  along  the 
trailing  edge  when  subsonic.  These  reductions  in  pressure  and  the  cor¬ 
responding  reductions  in  the  lift  and  moments  were  theoretically 
expressed  in  terms  of  corrections  to  these  same  quantities  associated 
with  the  basic  flow.  The  part  of  the  entire  subsonic-edge  correction 
called  the  "symmetrical -wake  correction"  in  reference  7  and  considered 
in  reference  13  only  for  pitching  contains  practically  the  entire  effect 
of  the  total  correction  for  the  wings  considered  herein.  These  approxi¬ 
mate  corrections,  therefore,  were  used  and  were  obtained  directly  as 
subsonic  trailing-edge  corrections  to  the  derivative  from  refer¬ 

ence  7  and  to  the  derivatives  Cl^  and  Cm^  from  reference  13. 

The  pressure  distribution  within  the  wing-tip  Mach  cone  remains  to 
be  determined.  The  results  of  the  analysis  of  reference  8  based  upon 
the  point-source  method  of  Eward  (reference  14)  provides  a  sound 
approximation  to  the  surface  velocity  potential  for  this  region.  If  the 
notation  of  reference  8  is  used,  the  potential  may  be  expressed  as 
(fig.  3(a)) 
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where  <x(  S,T|)  would  be  merely  a  constant  for  the  angle -of -attack  case 
and  would  equal  ql/V  for  the  pitching  about  the  apex  of  the  wing. 
Differentiation  of  the  potential  given  by  equation  (2)  with  respect 
to  x  gives  essentially  the  pressure  distribution  in  the  wing-tip 
region  for  the  supersonic  trailing  edge.  For  cases  where  the  trailing 
edge  is  subsonic,  the  subsonic -edge  corrections  mentioned  previously 
need  to  be  considered. 


Derivative 

The  derivative  Cn^  for  the  entire  wing  may  be  expressed  as 
'K  '  (C"a)ex  +  (C”»)ln  * 

The  term  is  approximate  subsonic  trailing-edge  correction 

to  the  derivative  'C^.  This  correction  has  been  evaluated  in  refer¬ 
ence  7.  The  derivative  referred  to  the  apex  of  the  wing  may  also 

be  expressed  as 

C%  “  -J *JJB  4PL  “  dy  +  ^ 


where  (cp)a  the  lifting -pressure  coefficient  for  a  wing  at  constant 

angle  of  attack  a  is  the  sum  ^cPex)a  +  (Cpin)a  of  the  llfting  pres" 

sures  in  regions  of  the  wing  external  and  internal  to  the  wing-tip  Mach 
cones.  The  derivative  may  now  be  expressed  as  (fig.  3(bj) 


(3) 


The  nondimensional  lifting  pressure  ^Cpex)a  is  the  conical  pressure  for 
the  triangular  wing  for  the  same  ratio  of  leading-edge  sweep  to  Mach 
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line  sweep  as  the  wings  considered  herein.  From  reference  4  its  value 
in  terms  of  the  conical  coordinate  v  is  given  by 


where  E* (m)  is  the  complete  elliptic  integral  of  the  second  kind  with 

modulus  \jl  -  and  is  plotted  in  figure  4.  The  lifting -pres  sure 
coefficient  in  the  wing-tip  region  is  given  approximately  by 


8aeo\]hT 


Jt\fe(l  +  m  )(6Lx  +  y) 


The  variables  x  and  y  are  restricted  to  variations  within  the 
wing-tip  region.  The  expression  for  was  evaluated  in  refer¬ 

ence  8  by  use  of  the  approximate  potential  for  this  region  defined  by 
equation  (2).  Substitution  of  the  lifting -pressure  components  of  the 
wing  given  by  equations  (4)  and  (5)  into  equation  (3)  and  a  considera¬ 
tion  of  the  limits  of  integration  (refer  to  fig.  3(b))  allows  the  deriva¬ 
tive  Cn^  to  be  expressed  in  the  following  integral  form: 


1-co+m 


(l  +  m)^b^ 

30oE',(m)Sc 


1-qyfm  (l  + 
l+m)n+mn> 


1^0 

jtSc 


b/2 


1+m-m  b 
n+m  2 


The  complete  elliptic  integrals  of  the  second  kind,  Ef(m)  and  E'(g),  and 
the  complete  elliptic  integral  of  the  first  kind,  K!(g),  are  presented 
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Derivative 

The  derivative  Cl^  is  evaluated  in  a  manner  similar  to  that  used 
for  C^.  Inasmuch  as  the  lifting  pressure  due  to  pitching  in  the  wing- 
tip  region  is  not  available,  an  expression  for  this  lifting  pressure  in 
the  wing-tip  region  must  he  derived.  Initially  however,  consideration 
is  given  to  the  lifting  pressure  and  the  corresponding  lift  for  the  part 
of  the  wing  external  to  the  wing-tip  Mach  cones. 

Region  of  wing  external  to  wing -tip  Mach  cones.  -  For  the  region  of 
the  wing  external  to  the  wing-tip  Mach  cones,  the  pressure  coefficient 
is  obtained  from  reference  5  as 


ex/q 


4qeoG(m)  x(2  -  v2) 

v  n/TT7 


where  G(m)  is  an  elliptic  integral  factor  and  is  plotted  in  figure  4. 
The  corresponding  lift  coefficient  (origin  at  apex  of  wing)  is  given  by 


KCl)< 


qSc  L  q. 


4V  j' 

qSc  jc 


Region 

Ohg 


Cp  )  dv  + 

-texAq 


Region 

Oge 


1-oH-m 

l6902cr3G(m)  C  (l+m)n+iao  (g  _  v2)dv 

3Sc  'J  r\  ”3  p 

0  (1  -  nv)^Vl  -  v2 


2b3(l  +  m)3G(m) 
3  e0str 


l-an-m 

l+m)n+mn> 


(2  -  v2)dv 


(1  +  mv) 


Region  of  wing  within  wing-tip  Mach  cones.  -  For  the  region  of  the 
wing  within  the  wing -tip  Mach  cones,  the  lift  due  to  pitching  is 
evaluated  by  use  of  the  approximate  surface  velocity  potential  expressed 
by  equation  (2);  that  is, 
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the  part  of  the  wing  within  the  wing-tip  Mach  cone.  The  nondimens ional  lift  due  to  pitching  for 


the  region  of  the  wing  within  the  wing-tip  Mach  cones  may  now  he  expressed  as  follows  (for  limits 
of  integration,  see  fig.  3(13)): 
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Derivative 


Consideration  is  now  given  to  the  damping-in-pitch  derivative  Cm 
If  the  axis  for  pitching  is  located  at  the  apex  of  the  wing,  for 
the  entire  wing  may  be  expressed  as 


^mq  (16) 

The  nondimensional  pressures  ^Cpexjq  and  (Cpinjq  have  already  been 

determined  for  the  evaluation  of  CLq.  The  expressions  for  these 

pressures  are  given  by  formulas  (8)  and  (12),  respectively.  The 
term  2Cmq  is  the  approximate  subsonic-edge  correction  for  pitching 

and  is  evaluated  in  reference  13.  Substitution  of  the  pressure  coef¬ 
ficients  of  equations  (8)  and  (12)  into  equation  (l6)  together  with  a 
consideration  of  the  limits  of  integration  (fig.  3(1))  allows  equa¬ 
tion  (l6)'to  be  expressed  in  the  following  integral  form: 


l6 
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I 

RESULTS  AND  DISCUSSION 

* 


On  the  "basis 
analysis  resulted 
tives  Ci 


'maj 


S' 


of  the  linearized  supersonic -flow  theory  the  foregoing 
in  the  evaluation  of  the  longitudinal -stability  deriva- 
and  Cm  for  a  series  of  sweptback  tapered  wings. 


For  the  evaluation  of  the  derivative  C*^,  the  pressure  distribu¬ 
tion  for  the  region  of  the  wing  external  to  the  wing-tip  Mach  cones  was 
obtained  from  reference  4  and  the  approximate  subsonic -edge  correction 
for  the  trailing-edge  region,  from  reference  7-  For  the  wing-tip 
regions,  the  expression  for  the  approximate  lift  pressure  given  in 
reference  8  was  used.  Previous  to  that  investigation  an  exact  linearized 
solution  of  the  pressure  for  the  wing-tip  region  was  presented  in  refer¬ 
ence  7.  This  exact  solution,  however,  inherently  complicated  because  of 
the  nonconical  boundary  defining  the  wing-tip  region,  did  not  lend  itself 
readily  to  practical  evaluations  of  Cn^  for  families  of  wings.  The 
comparison  of  the  approximate  and  exact  pressure  distributions  for  the 
wing -tip  region  made  in  reference  8  and  the  comparison  of  the  approximate 
and  exact  subsonic -edge  correction  for  angle  of  attack  made  in  refer¬ 
ence  7  indicate  the  satisfactory  accuracy  of  these  approximations  rela¬ 
tive  to  the  exact  linearized  formulations. 


In  regard  to  the  lift  and  the  damping-in-pitch  derivatives  Cl^ 
and  Cm^,  the  expression  for  the  pressure  due  to  pitching  for  the  region 

of  the  wing  external  to  the  wing-tip  Mach  cones  and  for  the  trailing-edge 
region  was  obtained  directly  from  reference  5*  The  exact  linearized 
solution  for  the  lifting  pressure  in  the  wing-tip  region  and  in  the 
trailing-edge  region  is  not  available  at  present,  although  extremely 
accurate  approximations  to  the  exact  linearized  solutions  that  require 
laborious  calculations  may  be  obtained  by  the  methods  of  reference  15. 

On  this  basis,  resort  was  made  herein  to  the  relatively  simple  but  less 
accurate  procedure  for  the  evaluation  of  the  lifting  pressure  in  the 
wing-tip  region  considered  in  reference  8.  For  the  trailing-edge  region, 
the  simple  approximate  corrections  for  the  effect  of  the  subsonic 
trailing-edge  disturbances  reported  in  reference  13  were  used.  For  a 
typical  wing  pitching  about  its  apex,  figure  5  gives  the  chordwise  and 
spanwise  lifting-pressure  distributions  along  sections  through  the 
wing-tip  region.  A  situation  is  noted  to  exist  for  pitching  analogous 
to  the  angle -of -attack  case  in  regard  to  the  relatively  small  positive 
residual  pressure  in  the  wing-tip  region  demanded  by  the  large  finite 
drop  in  pressure  across  the  inboard  Mach  line  from  the  wing  tip.  The 
pressure  distributions  of  figure  5  indicate  the  inadequacy  of  the 
approximate  subsonic  trailing-edge  correction  in  properly  altering  the  a 

basic  lifting  pressure  in  the  subsonic  trailing-edge  region  so  that  the 
Kutta  condition  is  satisfied  along  the  trailing  edge.  Additional 
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corrections  must  be  considered  in  order  to  bring  the  perturbated  flow 
pressure  to  zero  along  this  edge.  The  qualitative  effect  of  the  uncor¬ 
rected  negative  pressure  in  the  vicinity  of  the  trailing  edge  is  to 
reduce  the  positive  lift  due  to  pitching  Cr  and  to  decrease  the 

damping  due  to  pitching  Cmq.  In  an  attempt  to  ascertain  the  magnitude 
of  the  errors  involved  in  the  approximate  formulas  for  CLq  and  Cm^, 
calculations  were  prepared  based  upon  conservative  estimates  of  the 
additional  corrections  necessary  to  obtain  the  true  linearized  pressure 
in  the  subsonic  trailing-edge  region.  For  the  Mach  number  range  con- 


sidered  herein  and  for  a  static  margin,  =  0.05,  the  results  of 


these  calculations  indicate  that  the  derivative 


may  be  in  error 


as  much  as  8  percent  and  the  derivative  Cm^,  as  much  as  12  percent, 
precise  evaluation  of  the  magnitude  of  the  errors  involved  cannot  be 
made  until  the  exact  solutions  are  determined  for  the  pressure  in  the 
wing-tip  and  subsonic  trailing-edge  regions. 


A  series  of  generalized  curves  that  allow  rapid  estimations  of  the 
derivatives  C^,  CLq,  and  Cm^  are  presented  in  figures  6,  7,  and  8, 

respectively,  for  specified  values  of  aspect  ratio,  taper  ratio,  Mach 
number,  and  leading-edge  sweep.  The  variation  of  these  curves  with 
B  cot  A  requires  additional  emphasis  because  of  the  various  critical 
locations  of  the  Mach  lines  relative  to  the  wing.  The  point  of  dis¬ 
continuity  of  each  curve  represents  the  conf iguration  for  which  the  Mach 
lines  from  the  apex  of  the  trailing  edge  coincides  with  the  trailing 
edge  of  the  wing.  The  parts  of  the  curves  to  the  right  of  the  points  of 
discontinuity  give  the  values  of  the  derivatives  when  the  trailing  edge 
is  supersonic  (Mach  lines  behind  trailing  edge).  The  segments  of  the 
curves  between  the  point  of  discontinuity  and  the  boundary  line  give 
the  values  of  the  derivatives  when  the  trailing  edge  is  subsonic  (Mach 
lines  ahead  of  the  trailing  edge).  The  remnant  parts  of  the  curves  to 
the  left  of  the  boundary  curve  should  be  disregarded  for  estimations; 
they  correspond  to  the  condition  not  treated  in  this  paper  for  which  the 
trailing-edge  disturbance  affects  the  leading  edge  of  the  wing  (Mach 
lines  intersect  leading  edge).  The  dashed  parts  of  the  curves  have  been 
presented,  however,  to  indicate  the  trend  of  the  variations  and,  for  the 
segments  shown,  to  act  as  an  upper  limit  below  which  the  true  values  of 
the  derivatives  would  lie  for  configurations  where  the  Mach  lines  from 
the  apex  of  the  trailing  edge  would  intersect  the  leading  edge  of  the 
wing.  , 


It  should  be  carefully  noted  that  the  derivatives  given  by  these 
generalized  curves  are  for  the  wing  pitching  about  its  apex.  The  deriva¬ 
tives  with  respect  to  an  arbitrary  center-of -gravity  location  (x  =  x, 
y  =  0,  z  =  0)  may  be  obtained  by  the  transformation  formulas  (refer¬ 
ence  16)  presented  in  table  1.  The  first  column  of  table  1  comprises 
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the  derivatives  in  the  body  axes  system  with  respect  to  the  origin  at 
the  apex  of  the  wing  (0,0,0).  In  the  second  column,  the  derivatives  in 
the  body  axes  system  with  respect  to  the_  origin  at  an  arbitrary  center  - 
of -gravity  location  (x,0,0)  are  presented.  In  the  third  column,  the 
derivatives  in  the  stability  axes  system  with  respect  to  the  origin 
(x,0,0)  are  presented.  Briefly  then,  the  second  column  allows  a  trans¬ 
lation  of  the  origin  to-be  made  from  x  =  0,  y  =  0,  z  =  0  to  x- =  x, 
y  =  0,  z  =  0  and  the  third  column,  a  pitch  of  the  axes  through  an 
angle  a  about  the  lateral  axis  through  the  arbitrary  center-of -gravity 
location  (x,0,0). 

It  should  be  noted  from  table  1  that  the  lift -curve  slope  CLa 

must  be  known  in  order  to  translate  the  origin.  For  this  reason  a 
series  of  design  curves  for  Cp^  have  been  prepared  and  are  presented 

in  figure  9  for  the  range  of  Mach  number  and  geometric  wing  parameters 
considered  for  the  pitching  derivatives.  The  parts  of  these  curves  that 
correspond  to  wings  with  subsonic  leading  edges  and  supersonic  trailing 
edges  were  obtained  directly  from  reference  8  for  taper  ratios  of  0.25 
and  0.50.  The  parts  of  the  curves  that  correspond  to  wings  with  sub¬ 
sonic  trailing  edges  were  determined  by  an  application  of  the  appro¬ 
priate  approximate  subsonic  trailing-edge  correction  for  angle  of  attack 
that  was  reported  in  reference  7- 

Specific  variations  of  the  derivatives  (in  the  stability  axes 
system)  C™  ,  Cp,  ,  and  Cm  with  each  of  the  parameters  -  aspect  ratio, 
q  q 

taper  ratio,  Mach  number,-  and  leading-edge  sweep  -  are  presented  in 
figures  10,  11,  and  12,  respectively. 


CONCLUDING  REMARKS 


On  the  basis  of  linearized  supersonic -flow  theory,  approximations 
to  the  static -pitching  derivative  Cn^,  the  lift-due-to-pitching  deriva¬ 
tive  Cp,^,  damping-in-pitch  derivative  Cjn^  were  derived  for 

a  series  of  thin  sweptback  tapered  wings  with  streamwise  tips  and  sub¬ 
sonic  leading  edges.  The  applicability  of  the  expressions  determined 
for  the  derivatives  should  be  satisfactory  if  their  approximations  to 
the  corresponding  exact  linearized  evaluations  are  considered  as  a 
criterion  (for  cases  where  a  comparison  could  be  made).  The  suitability 
of  the  results  for  full-scale  flight  stability  calculations  is  neces¬ 
sarily  limited  because  of  the  restrictions  of  the  linearized 
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potential-flow  theory  together  with  the  additional  simplfying  assump¬ 
tions  that  the  wing  has  vanishingly  small  thickness  and  zero  camber. 


Langley  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Langley  Field,  Va.,  November  24,  1950 
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APPENDIX 

EVALUATION  OF  APPROXIMATE  EQUATION  FOR  SURFACE 
VELOCITY  POTENTIAL  FOR  PITCHING 


The  integral  equation  for  the  approximate  surface  velocity  poten¬ 
tial  of  a  lifting  wing  was  derived  in  reference  8  and  may  he  expressed 
as  (refer  to  fig.  3(a)) 

f-ljj  (ad 

SW,0  f(x  -  if  -  B2(y  -  n)2 

For  the  wing  undergoing  a  steady  pitching  motion  about  a  lateral 
axis  located  at  the  apex  of  the  wing,  the  local  angle  of  attack  a(£,T]) 
becomes  equal  to  qt/V  where  the  quantity  qi  is  the  local  downwash 
due  to  pitching.  Substitution  of  qi/v  for  a(l,q)  in  equation  (Al) 
gives  the  following  equation  for  the  approximate  surface  velocity 
potential  for  pitching  about  the  apex  of  the  wing: 


_ I  dl  dti _ 

/u  -  if  -  B2(y  -  T])2 


(A2) 


The  integral  of  equation  (A2)  is  readily  evaluated  by  the  use  of 
an  oblique  u,v-coordinate  system,  the  axes  of  which  are  coincident  with 
the  Mach  lines  from  the  apex  of  the  wing.  (See  reference  14.)  The 
transformation  equations  are 


u  =i(i  -  Btj) 
▼  =  Jg(S  +  Bq) 

6  =  I(u  +  v) 

=  |(v  -  u) 


(A3) 


Appropriate  use  of  transformations  of  equations  (A3)  allows  equation  (A2) 
to  be  expressed  as 


V 


4 
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q  rrM2 


r  (u  +  v)  du  dv 

sw,o  \/K  -  u>K  -  v) 


where  uw  and  vw  are  the  coordinates  of  a  field  point  and  are  related 
to  the  corresponding  x,y  field  point  as  follows: 

uw  =  -  By) 


vw  =  2g(x  +  By) 

The  limits  in  integration  defined  "by  the  region  q  are  given  in 

figure  3(a)  and  the  potential  function  of  equation  (A4)  may  now  he 
expressed  as 


w  (v  +  u)  du  ,  dv 


V  r*  - u  t*  - v 

m  w  2 


Integration  of  equation  (A5)  yields 


(0)<1  =  3Vw  +  Uw(rfi +  2)  "  t  \|>  •  rri  Nluw  -  vw +  t 


Equation  (A6)  transformed  into  x,y-coordinates  becomes 


(0)q  =  - a - 372]2x^3  +  2m)  +  2mBy  -  bB(l  +  m)k  K2B(inx  +  By)(b  -  2y) 

3*B(l  +  m)  I  ' 


and  is  given  as  equation  (ll)  in  the  main  body  of  the  paper 
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Figure  1.-  Sweptback  -wing  with  streamwise  tips  and  sweptback  or  swept- 

forward  trailing  edges. 
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(a)  Notation  and  body  axes  used  in  analysis. 


(b)  Stability  axes.  Velocity,  force,  and  moment  arrangement  in 
principal  body  axes  system  is  the  same  as  that  of  stability  axes 
system.  (Principal  body  axes  dashed  in  for  comparison.) 

Figure  2.-  System  of  axes  and  associated  data. 
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Figure  3.-  Sketch  of  wing  and  associated  data  for  the  evaluation  of  the 
surface  velocity  potentials,  forces,  and  moments. 
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Figure  5*-  Sectional  chordwise  and  spanwise  pressure  distributions  for 
typical  wing  pitching  about  its  apex.  Intersection  of  the  sectional 
planes  a-a  and  b-b  with  the  wing  edges  and  Mach  lines  are  noted  on 
pressure  curves. 
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(a)  X  =  0.25. 

Figure  6.-  Variation  of  BC^  with  B  cot  A  for  various  values  of  BA 

and  X.  Body  axes  systemj  origin  at  apex  of  wing.  Dashed  parts  of 
curves  have  limited  significance.  (See  section  entitled  "Results  and 
Discussion.") 


NACA  TN  2294 


B  cot  Jl 


(c)  X  =  0.75. 

Figure  6.-  Concluded 
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(a)  X.  =  O.25. 

Figure  7*_  Variation  of  BC^  with  B  cot  A  for  various  values  of  BA 

q 

and  A.  Body  axes  system;  origin  at  apex  of  wing.  Dashed  parts  of 
curves  have  limited. significance.  (See  section  entitled  "Results 
and  Discussion.") 
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(b)  X  =  0.50. 


Figure  7-~  Continued, 


b  cot  yi 


(a)  \  =  0.25. 

Figure  8.-  Variation  of  with  B  cot  A  for  various  values  of  BA 

and  X.  Body  axes  system;  origin  at  apex  of  wing.  Dashed  parts  of 
curves  have  limited  significance.  (See  section  entitled  "Results  and 
Discussion.") 
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(b)  X  =  0.50. 
Figure  8.-  Continued. 
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(c)  X  =0.75. 

Figure  8.-  Concluded. 
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(b)  X  =  0.50. 


Figure  9«-  Continued. 
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Figure  9*-  Concluded 


PV  = 


taper  ratio.  Stability  axes  system;  static  margin,  0.05. 
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